This study analyzes the characteristics of hybrid propulsion shafting and builds mathematical models and vibration equations of shafting using the lumped parameter method. Main focus is on the asymmetric double diesel propulsion shafting operation process and the impact of the phase angle and motor excitation on torsional vibration of shafting. Model result is validated by testing results conducted on double diesel propulsion shafting bench. Mathematical model and model-building methods of shafting are correct.
Introduction
With the rapid development of shipbuilding technology, marine power plant goes toward large-scale, complexity, and automation development. As the provider of ship power, the ship power plant plays an important role in the economy, maneuverability, safety, and reliability of the ship's operation [1, 2] . With the introduction of the new standard of ship gas emission and ship vibration noise, the shipping industry has higher requirements for energy saving, emission reduction, and low noise. The vibration of ship propulsion shafting directly affects the performance and safety of the ship [3] [4] [5] . At present, the hybrid propulsion shafting is widely used in various types of ships. Comparing with the traditional propulsion shafting, hybrid propulsion shafting has multiple transmission branches of gearbox and multiple elastic coupling and the shaft. Its structure is more complex, and the shafting vibration is also more complex. The ship hybrid propulsion system is mainly composed of three parts, which are mechanical propulsion system, electric propulsion system, and integrated control system. Ship propulsion shafting torsional vibration is one of the factors that affect the running safety and ship noise and starts to receive extensive attention from the industry. Comparing with the current ship propulsion system, ship propulsion shafting structure is relatively simpler in the early days. Shafting torsional vibration lumped parameter model is usually simplified as straight branched-chain type. Straight branched-chain type vibration model (undamped [6, 7] or damped [8, 9] ) is usually calculated by Holzer method [10, 11] . With the development of shipbuilding technology, the propulsion system of ship power plant is becoming more and more complex, and the lumped parameter model that describes the torsional vibration of the shaft system is in the process of simplification. Torsional vibration model with branching system has been solved with the system matrix eigenvalue extraction method or the trial-and-error search method based on the transfer matrix [12] [13] [14] [15] . With the continuous improvement of the finite element software, the finite element method is used to calculate the torsional vibration of the complex ship propulsion shafting [16, 17] . As the operating conditions of hybrid propulsion system are more complex, the torsional vibration mechanism is more complex. At present, there are few works in literature about the research on the torsional vibration of the hybrid propulsion system in new ship propulsion plant. Hybrid propulsion system has a more complex mathematical model of torsional vibration. The vibration excitation source includes the excitation torque generated by the gas pressure of the diesel engine, by the propeller water power, by the electromagnetic field, and so on. To sum up, this paper will study the characteristics of the hybrid propulsion system and its operating conditions and establish a mathematical model of the torsional vibration of the hybrid propulsion system. Based on the mathematical model of vibration, the free vibration and forced vibration of the system are calculated using system matrix method. Through the research on the vibration mechanism and the excitation torque of the hybrid propulsion system, the paper focuses on the influence of the phase angle of twin-engine parallel operation and the electromagnetic excitation torque on the propulsion shafting. By means of self-developed test system and hybrid propulsion shafting test bench test and analysis, the correctness of the theoretical model and algorithm is verified.
Establishment of Shafting Torsional Vibration Model and Equation
The hybrid propulsion shafting system is set up as follows: three-cylinder diesel engine and four-cylinder diesel engine are connected to electric eddy current dynamometer through gearbox with transmission branch, the universal joint, and drive shaft. Two diesel engines and the motor are connected to the gearbox via the universal joint. The three-dimensional model of the hybrid propulsion system is shown in Figure 1 . The basic parameters of each component of the hybrid propulsion shafting are shown in Table 1 . The hybrid propulsion shafting has several operating conditions as follows:
(1) Single machine condition: 3-cylinder diesel engine or 4-cylinder diesel engine drives either eddy current dynamometer or shaft generator or both of them.
(2) Twin diesel condition: 3-cylinder diesel engine and four-cylinder diesel engine jointly drive either eddy current dynamometer or shaft generator or both of them.
(3) Single diesel hybrid conditions: 3-cylinder diesel engine or 4-cylinder diesel engine are combining with the motor drive eddy current dynamometer.
(4) Twin diesel hybrid conditions: 3-cylinder diesel engine, 4-cylinder diesel engine, and the motor drive eddy current dynamometer.
Establishment of Shafting Vibration
Model. Ship propulsion shafting torsional vibration equivalent system was established by simplified principle and method of equivalent system. Each part of the mathematical model of torsional vibration was modeled separately and then assembled. The hybrid propulsion system can be simplified as a lumped parameter torsional vibration model shown in Figure 2 and the system equivalent parameters are shown in Table 2 . The boundary condition of the mathematical model of the torsional vibration of ship propulsion shafting is the six degrees of freedom of the two end points and the end point of the branch in Figure 2 . According to the length, diameter, and elastic modulus of the material, the stiffness of shaft can be calculated in (1), but the stiffness of the elastic coupling is generally provided by the manufacturer. The damping of the system can be divided into the external damping produced by the component and the external friction and the hysteresis of the internal torsional deformation of the material in Figure 2 . According to the specification, it is mainly to consider the external damping of the diesel engine mass point and propeller mass point as well as the internal damping of the diesel engine crankshaft and the transmission shaft in Table 2 . The external damping coefficient of the diesel engine mass point and propeller mass point is 0.0085 and 0.05 in Figure 2 . The internal damping coefficients of the diesel engine crankshaft and the drive shaft are 0.01 and 0.0063 in Figure 2 . The internal damping coefficient of the flexible coupling is provided by the manufacturer. In this paper, the internal damping coefficient of elastic coupling is 1.13.
where is stiffness (Nm/rad). is external diameter (m). is internal diameter (m). is length (m). is external 
Equation (2) can be converted intö
For branch type parts, + 1 mass point's motion differential equation is as follows:
(4) Equation (4) can be converted into
where is mass point's inertia (kg⋅m 2 ). is mass point's damping coefficient (N⋅m⋅s/rad). , +1 is internal damping coefficient between mass point and + 1 mass point (N⋅m⋅s/rad). , +1 is stiffness between mass point and + 1 mass point (N⋅m/rad). ( ) is quality exciting moment (N⋅m) acting on mass point.̈,̇, and are torsional angular displacement, angular velocity, and angular acceleration of mass point, respectively.
According to (3) and (5), the differential equation of forced vibration of hybrid propulsion system is derived as follows: (6) and the shafting torsional vibration parameters shown in Table 2 , the natural frequencies of the free vibration system without damping can be obtained, as shown in Table 3 . 
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Influence of Phase Angle on Torsional Vibration.
With the change of ship sailing condition, the operation mode of hybrid propulsion system will change. The phase angle is not a fixed value in the process of twin-engine parallel operation. Phase angle is the angle between the fuel injection starting points of the first cylinder of each diesel engine. Torque of each cylinder of the diesel engine is a complex harmonic torque consisting of several harmonic moments. Its expression is * = ,
where is mass point's harmonic excitation torque amplitude. is mass point's harmonic excitation torque phase.
Mathematical Problems in Engineering where ] is order. 1, is the firing angle between cylinder and the first cylinder. is phase angle of twin-engine. Equations (7) and (8) can be obtained by transformation.
Phase angle of twin-engine parallel operation is changed within the range of 0 ∘ to 720 ∘ . This paper uses 1 ∘ as interval to calculate middle shaft's synthetic amplitude changing with the speed and phase according to (6) and (9), as shown in Figure 5 . Calculation results at 1000 r/min are shown in Figure 6 . Figure 5 shows the relationship between the phase angle of the diesel engine, the speed of the diesel engine, and the amplitude of the torsional vibration of the shaft. When the diesel engine speed is a fixed value, the torsional vibration amplitude of the shaft can be obtained with the change of the phase angle of the diesel engine by Figures 5 and 6 . When the phase angle of two diesel engines is a fixed value, the curve shows the torsional vibration characteristics of the shaft in the range of diesel engine speed.
The calculation results show that synthetic amplitude value periodically fluctuates with changing phase angle under the same speed; thus the phase angle has a certain effect on the calculation results of torsional vibration in twin-engine parallel operation.
Motor Vibration Mechanism and Motor Excitation Torque.
In an ideal state, the air gap magnetic field of the motor is in sinusoidal distribution. Because of the machining error of the motor in the manufacturing process, the magnetic field of the motor must be nonsinusoidal. In order to study the vibration mechanism of the motor and obtain the analytical formula of the electromagnetic torque, the physical model of , , and phase motor is established as shown in Figure 7 . According to , , and phase flux linkage, the relationship between the fluxes can be set up as shown in the following three phase matrix equations:
Equation (10) can be transformed to 0 coordinates flux equation through coordinate transformation:
Motor flux produced by fundamental sinusoidal current is
6 Mathematical Problems in Engineering where , , and 0 represent , , and 0 under 0 coordinate axis of the stator inductance, respectively. , , and 0 represent , , and 0 under 0 coordinate axis of the current, respectively. According to (11) and (12) 
Electromotive force can be derived from the total magnetic chain derivative:
According to the principle of the motor, the electromagnetic torque is
where is mechanical angular velocity of the rotor. is rotor electrical angular velocity.
By (14) and (15), the analytical solution of the electromagnetic torque is
The second and third terms in (16) are 6 order torque caused by the magnetic field harmonic. Therefore, in the process of torsional vibration calculation of the hybrid propulsion shafting, 6 order torque caused by the field harmonic is needed to be considered at the quality point of the motor. According to the torsional vibration model of the hybrid propulsion system as shown in Figure 2 , we can know that the second torque and third torque in (16) are the excitation torque at the 41st mass point of the motor.
According to the forced vibration differential equation (4), the amplitude of the twenty-first mass point drive shaft can be calculated under the condition of only considering the motor excitation torque, as shown in Figure 6 . In Figure 8 , the result of the forced vibration calculation of the twenty-first mass point is given. The forced vibration amplitude curve includes 6 harmonic amplitude curve, 12 harmonic amplitude curve, and 18 harmonic amplitude curve.
To sum up, according to the diesel engine exciting force equation (9) , motor electromagnetic harmonic exciting force caused by (16) and the forced vibration equation (6) of hybrid propulsion shafting vibration response is calculated. As the phase angle of twin-engine parallel operation changes in the range of 0 degrees to 720 degrees, only the calculation result of the vibration amplitude of the transmission shaft at = 120 ∘ is shown in Figure 9 . From Figure 9 , we can see that the resonance amplitude of the transmission shaft is 
Test and Analysis of Hybrid Propulsion Shafting
Hybrid Propulsion Shafting Experiment Platform.
In order to verify the correctness of the calculation result, hybrid propulsion shafting experiment platform is used for torsional vibration measurement and analysis, as shown in Figure 10 . The key parameters of hybrid propulsion system experiment platform are listed in Table 1 . The gear wheel is installed on the transmission shaft to facilitate the installation of the vibration test fixture, as shown in Figure 11 . This test system uses eddy current sensor. The noncontact electrical measuring method is adopted to improve the shafting torsional vibration testing, as shown in Figure 12. 
Data Analysis.
In the experimental bench, the test of torsional vibration of the transmission shaft is carried out in the 800 r/min-1500 r/min range by using the self-developed YDZT-2013 vibration test system. Through the analysis of the data, it is found that the torsional vibration amplitude of the transmission shaft has resonance point in the 1.5 harmonic times, as shown in Figures 13 and 14 . We can see that the resonance amplitude of the transmission shaft is 0.4040 degrees when the resonance speed of = 1.5 order is 1079.53 r/min.
Comparison and analysis of the data from the test and the theoretical calculation are as below:
(1) The natural frequency of the system can be calculated as 1619.29 r/min from the test values shown in Figure 13 . Comparing with the 2-order natural frequency 1734.1 r/min shown in Table 3 , the error between the test value and the theoretical value is 6.6%. The theoretical value is basically consistent with the test value.
(2) From the calculation results of Figure 9 , the resonance amplitude of the transmission shaft is 0.394 degrees when the resonance speed of = 1.5 order is 1060 r/min in theoretical calculation. The resonance amplitude of the transmission shaft is 0.4040 degrees when the resonance speed of = 1.5 order is 1079.53 r/min in vibration test and analysis, as shown in Figure 13 . The error between the test value and the theoretical value is 2.4%. The theoretical value is basically consistent with the test value.
Conclusion
(1) With the same speed and different phase angle of twin-engine parallel operation, hybrid propulsion system of shafting torsional vibration amplitude changes periodically with the phase angle as shown in Figure 6 . The significance of the research is to provide the theoretical basis of the ship's torsional vibration to the design professionals during the design stage of ship propulsion shafting.
(2) Due to the motor's nonsinusoidal magnetic field distribution, 6 order torque caused by electrical harmonic has been analyzed. The general analytical formula of electromagnetic torque excitation force is derived. The significance of the research is to lay a theoretical foundation and more accurate theoretical calculation for the forced vibration calculation of the marine hybrid propulsion system.
(3) The hybrid propulsion system is tested using the test bench and the self-developed YDZT-2013 type vibration instrument. The theoretical data and the testing data are compared and analyzed, and the mathematical model and the algorithm are verified.
